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THREE CIRCLES THEOREMS FOR HARMONIC FUNCTIONS
GUOYI XU
Abstract. We proved two Three Circles Theorems for harmonic functions on
manifolds in integral sense. As one application, on manifold with nonnegative
Ricci curvature, whose tangent cone at infinity is the unique metric cone with
unique conic measure, we showed the existence of nonconstant harmonic func-
tions with polynomial growth. This existence result recovered and generalized
the former result of Y. Ding, and led to a complete answer of L. Ni’s conjecture.
Furthermore in similar context, combining the techniques of estimating the fre-
quency of harmonic functions with polynomial growth, which were developed by
Colding and Minicozzi, we confirmed their conjecture about the uniform bound
of frequency.
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1. Introduction
In 1975, S.-T. Yau [Yau75] generalized the classical Liouville theorem to com-
plete manifolds with nonnegative Ricci curvature. Specially, he proved that any
positive harmonic function on such manifolds is constant. In [Che80], S.-Y. Cheng
further proved that on such manifolds any harmonic function of sublinear growth
must be constant. On complete manifolds, harmonic functions with polynomial
growth are important analytic functions besides the Green’s function and the heat
kernel (note the latter two have singularities).
In the study of harmonic functions on complete manifolds, Yau considered the
space of harmonic functions with polynomial growth:
Hd(M) = {u| u(x) is harmonic on Mn ; |u(x)| ≤ K(ρ(x) + 1)d f or some K > 0}
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where ρ(x) = d(p, x) and p is some fixed point on Mn. In [Yau87], the following
conjecture was made:
Conjecture 1.1 (S.-T. Yau). Let Mn be a complete manifold with nonnegative Ricci
curvature, then dim(Hd(M)) < ∞ for any d > 0.
P. Li and L.-F. Tam firstly proved the conjecture for linear growth harmonic
function (d = 1) in [LT89], and they further verified the 2-dimensional case (n =
2) in [LT91]. In 1997, this conjecture was completely proved by Colding and
Minicozzi [CM97a] (also see [Li97], [CM98a], [CM98b] and [LW99] for further
developments). Although Yau’s conjecture was confirmed, there are still several
important questions about harmonic functions with polynomial growth remained
open.
It is well known that on any complete noncompact manifold, there always exist
nonconstant harmonic functions (see [GW75]). A natural question is about the
existence of nonconstant harmonic function with polynomial growth. Note any
complete manifold with nonnegative Ricci curvature has at least linear volume
growth (see [Yau75]). C. Sormani proved the following:
Theorem 1.2 ([Sor00]). Let Mn be a complete manifold with nonnegative Ricci
curvature and at most linear volume growth. If there exists a nonconstant harmonic
function of polynomial growth, then the manifold splits isometrically, Mn = R ×
Nn−1.
As observed in [Din04], there exists a suitable metric on R+ × Sn−1, which has
nonnegative Ricci curvature and linear volume growth, but can not split isomet-
rically. From Theorem 1.2, it will not admit any nonconstant harmonic functions
with polynomial growth. A concrete example is given in Section 4 (Example 4.8).
Hence, to study the existence of nonconstant harmonic function with polynomial
growth in nonnegative Ricci curvature context, we need to have some restriction
on the volume growth of Mn. To the author’s knowledge, the following question is
still open :
Question 1.3. If (Mn, g) is a complete manifold with Rc ≥ 0 and maximal volume
growth, does there exist d ≥ 1 such that dim(Hd(M)) ≥ 2? In other words, is
there any nonconstant harmonic function with polynomial growth order at most d
on Mn?
In another direction, putting the existence problem in the positively curved con-
text, L. Ni [Ni10] made the following conjecture:
Conjecture 1.4 (L. Ni). Let (Mn, g) be a complete Riemannian manifold of positive
sectional curvature, the necessary and sufficient condition that Mn admits noncon-
stant harmonic functions of polynomial growth is, that Mn is of maximum volume
growth.
For the corresponding conjecture on Ka¨hler manifolds, L. Ni proved that if the
manifold is complete Ka¨hler with bounded nonnegative bisectional curvature and
of maximum volume growth, it admits nonconstant holomorphic functions of poly-
nomial growht (see Corollary 1 of [Ni05]). On the other hand, recently, G. Liu (see
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Theorem 2 of [Liub]) showed that if M is a complete noncompact Ka¨hler mani-
fold with positive bisectional curvature, and it admits a nonconstant holomorphic
function with polynomial growth, then M is of maximal volume growth.
In Riemannian geometry context, Y. Ding [Din04] proved that on complete man-
ifolds with Rc ≥ 0, maximal volume growth and the unique tangent cone at infinity,
there exists nonconstant harmonic function with polynomial growth. Note when
Mn has nonnegative sectional curvature, from Theorem I.26 in [CCG+10], the tan-
gent cone at infinity of Mn is the unique metric cone C(Y), where Y is a compact
metric space. Hence Ding’s existence result will imply the sufficient part of Con-
jecture 1.4. However we have some difficulties to verify the proof of Ding’s exis-
tence result. For example, Lemma 1.1, Corollary 1.11 and Lemma 1.2 in [Din04]
does not hold for zero function.
The main technical tool in [Din04] is a generalization of the monotonicity of
frequency for harmonic functions on Rn, which is a type of Three Circles Theorem
in L2 sense on complete manifolds (also see [Zha99] and [CDLM08] for related
results).
The classical Hadamard’s Three Circles Theorem was implied in the announce-
ment [Had96] published in 1896, we state it as the following form, which is sort of
consistent with our presentation in Theorem 3.2 and Theorem 3.4 of this paper.
Theorem 1.5 (Hadamard’s Three Circles Theorem). If f (z) is a holomorphic func-
tion on {z| r4 ≤ |z| ≤ r} ⊂ C, where r > 0 is some constant, then
M(r/2)
M(r/4) ≤
M(r)
M(r/2)(1.1)
where M(s) := max|z|=s{| f (z)|},
The classical Hadamard Three Circles Theorem for holomorphic functions had
also been generalized to solutions of partial differential equations in different con-
texts by L. Simon [Sim83], J. Cheeger and G. Tian [CGT94], G. Liu [Liua]. In spite
of our concerns about the argument in [Din04], partially motivated by the results
there, we proved two modified Three Circles Theorems for harmonic functions in
integral sense (see Theorem 3.2 and Theorem 3.4 in Section 3).
Remark 1.6. One novel thing in one of our Three Circles theorems (Theorem 3.2)
is that it can be applied for the collapsed case, i.e. the case that the maximal
volume growth assumption does not hold. Also Theorem 3.2 is dealing with the
integral Ju, whose domain is different from the original one considered in [Din04]
(see Corollary 1.11 there). View from the domains of the integral appearing in
those results, Theorem 3.2 is more like a three disks theorem, and Ding’s technical
tool is based on a three annuli theorem.
As one application of our Three Circles Theorems, we proved the following
theorem, which generalizes the existence result in [Din04].
Theorem 1.7. Let (Mn, g) be a complete manifold with nonnegative Ricci curva-
ture, the tangent cone at infinity with renormalized limit measure is a unique metric
4 GUOYI XU
cone C(X) with the unique conic measure of power κ ≥ 2, and H1(X) > 0. Then
inf{α| α ∈ D(M), α , 0} < ∞(1.2)
and for any d > inf{α| α ∈ D(M), α , 0},
dim(Hd(M)) ≥ 2(1.3)
The conic measure of power κ and D(M) will be defined in Section 2.
Generally, we do not know the uniqueness of the renormalized limit measure
with respect to one tangent cone at infinity of the manifold (compare Example
1.24 of [CC97]). However, from Theorem 5.9 of [CC97], if (Mn, g) is a complete
manifold with Rc ≥ 0 and maximal volume growth, then every tangent cone at
infinity has its unique renormalized measure; and the measure is a multiple of
Hausdorff measure Hn, which is a conic measure of power n. Hence, Theorem
1.7 implies the existence result in [Din04] mentioned above. The uniqueness of
tangent cone at infinity is an important and hard problem, which was addressed in
[CGT94] and [Col14] for Ricci flat manifolds under various assumptions.
Remark 1.8. When (Mn, g) is a complete manifold with Rc ≥ 0 and maximal
volume growth, S. Honda [Honb] showed dim(Hd(M)) = 1 for any d < inf{α| α ∈
D(M), α , 0}. Hence the conclusion of Theorem 1.7 seems to be a sharp result
except that the critical case d = inf{α| α ∈ D(M), α , 0} is not clear yet.
To prove Theorem 1.7, we partially followed the strategy in [Din04]. Because
our Three Circles Theorem (Theorem 3.2) works for the collapsed case too, we
succeeded in proving the existence of nonconstant harmonic functions with poly-
nomial growth in the collapsed case first time, although with additional assump-
tions.
More concretely, to construct one nonconstant harmonic function with polyno-
mial growth, we firstly choose a suitable harmonic function of polynomial growth
on the tangent cone at infinity of the manifold, where we used the assumptions
that the manifold has the conic renormalized limit measure and the tangent cone at
infinity is a metric cone.
Then we use the results of Cheeger [Che99], to get a sequence of approximate
functions defined on a sequence of increasing geodesic balls exhausting the man-
ifold, which are vanishing at the same fixed point. Solving the Dirichlet problem
on those geodesic balls with the same boundary conditions as the corresponding
approximate functions, this yields a family of harmonic functions defined on the
exhausting domains of the manifold.
Because the sequence of harmonic functions constructed as above have the as-
ymptotic growth behavior as the chosen harmonic function of polynomial growth
on the tangent cone at infinity, we can get that the the ratio between the average
integrals of those harmonic functions on bigger domain and smaller domain are
uniformly bounded near infinity, where the bound depends on the growth rate of
the harmonic function of polynomial growth on the tangent cone at infinity chosen
above.
If we can get ‘some induction estimate’ of the ratios from outer domains to
inner domains, the uniform polynomial bound of the family of harmonic functions
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will be obtained by the induction method. Then, after the suitable rescaling, using
the well-known Cheng-Yau’s gradient estimate for harmonic functions in [CY75],
combining with the Arzela-Ascoli theorem, for some subsequence of these har-
monic functions, we get the limit function defined on the whole manifold, which is
harmonic function of polynomial growth. The nonconstancy of the limit function
follows from its vanishing at the fixed point, and the non-vanishing of some local
integral of the limit function, which resulted from the suitable chosen rescaling
mentioned above.
Our Three Circles Theorem (Theorem 3.2) will play the role of the ‘induction
estimate’ needed in the above argument. Starting from the eigenfunctions expan-
sion of harmonic functions on the metric cone with conic measure, the key idea to
prove the Three Circles Theorem, is to use the gap between the eigenvalues of the
tangent cone’s cross-section. When the tangent cone at infinity with renormalized
limit measure is the unique metric cone with unique conic measure, this gap is im-
plied by the discreteness of the spectrum of Laplace operator on the cross-section,
and we get the last piece in the proof of Theorem 1.7.
When nonconstant harmonic functions with polynomial growth exist on com-
plete manifolds, as proved in [CM97b], the bound of frequency is essential to de-
scribe the asymptotic structure of those functions (like the almost separation of
variables). Hence a natural question is about the uniform bound of frequency of
harmonic functions on manifolds. Based on the study in [CM97b], Colding and
Minicozzi posed the following conjecture:
Conjecture 1.9 ([CM97c]). Suppose that Mn has nonnegative Ricci curvature and
maximal volume growth. If u ∈ Hd(M) for some d > 0, then the frequency of u is
uniformly bounded.
Remark 1.10. Besides [CM97b] and [CM97c], the frequency was also studied in
[Alm00] and [GL86]. For more related reference about the frequency, the reader
can consult Remark 2.16 in [CM97b]. We would like to point out that the mono-
tonicity of the frequency in Euclidean space can be viewed as the quantitative ver-
sion of the classical Three Circles Theorem.
Roughly say, to get the uniform bound of the frequency, we only need to control
the ratios of I(r) on concentric circles with increasing radii. Checking the results
and techniques developed in [CM97b] carefully, the ratios have uniform bound
on a sequence of concentric circles, whose radii are approaching the infinity. If
a suitable Three Circles Theorem is available, the uniform bound of ratios can be
obtained by the induction method similar as the former argument, which will imply
the uniform bound of the frequency. Hence, using the Three Circles Theorem
(Theorem 3.4) established in Section 3, we proved the following theorem:
Theorem 1.11. Suppose that (Mn, g) has nonnegative Ricci curvature and maximal
volume growth, also assume the tangent cone at infinity of Mn is unique. Then for
u(x) ∈ Hd(M), the frequency of u(x) is uniformly bounded by C(u, n,VM , d).
Remark 1.12. This theorem confirms Conjecture 1.9 with the additional assump-
tion the uniqueness of the tangent cone at infinity of manifolds. In fact, we proved
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a stronger result which implies Theorem 1.11, see Theorem 5.5 in Section 5 for
details.
As we mentioned before, from [CCG+10], for any complete manifold with non-
negative sectional curvature, the tangent cone at infinity is a unique metric cone.
From Theorem 1.7, we have the following corollary.
Corollary 1.13. Suppose that (Mn, g) has nonnegative sectional curvature, the
tangent cone at infinity with renormalized limit measure is a unique metric cone
C(X) with the unique conic measure of power κ ≥ 2, and H1(X) > 0. Then (1.2)
and (1.3) hold.
Remark 1.14. On non-negatively curved manifolds, maximal volume growth im-
plies the uniqueness of the tangent cone at infinity and the conic renormalized limit
measure of power κ = n and Hn−1(X) > 0, hence the sufficient part of Conjecture
1.4 is implied by Corollary 1.13.
On the other hand, there exists complete manifolds Mn with positive sectional
curvature, whose tangent cone at infinity C(X) has the unique renormalized limit
measure, which is conic measure of power κ ≥ 2 and H1(X) > 0 (see Example
4.9). Hence by Corollary 1.13, Example 4.9 is a counterexample to the necessary
part of Conjecture 1.4.
The organization of this paper is as the following. In Section 2, we stated some
background facts about Gromov-Hausdorff convergence and Cheeger-Colding’s
theory, which are needed for later sections. We also recalled the definition of fre-
quency function and the related formulas.
In Section 3, we proved two Three Circles Theorems, which are the key techni-
cal tools applicable for the existence and frequency problems respectively. For both
theorems, the method is proof by contradiction and reduced the related analysis to
the analysis on the tangent cone at infinity.
In Section 4, we constructed the nonconstant harmonic function of polynomial
growth from the harmonic function on the tangent cones at infinity. And the Three
Circles Theorem is used to guarantee the polynomial growth of the constructed
harmonic function. We also constructed two example manifolds, which address
the nonexistence and existence of harmonic functions with polynomial growth,
under linear volume growth and at least quadratic volume growth assumptions re-
spectively. Specially, one example is the first counterexample to the necessary part
of Conjecture 1.4.
In Section 5, using the other Three Circles Theorem, combining the results and
techniques developed in [CM97b], we proved the uniform bound of frequency.
Some technical results in this section are well-known from [CM97b] in more gen-
eral context, but we provide the details here to make our argument self-contained
in this concrete case.
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2. Background and notations
In this section, we always assume that (Mn, g) is an n-dimensional complete
manifold with Rc ≥ 0. We firstly review some background material about Gromov-
Hausdorff convergence and analysis on limit spaces.
Let
{(Mni , pi, ρi)} be a sequence of pointed Riemannian manifolds, where pi ∈
Mni and ρi is the metric on M
n
i . If
{(Mni , pi, ρi)} converges to (M∞, p∞, ρ∞) in the
Gromov-Hausdorff sense, we write (Mni , pi, ρi)
dGH−→ (M∞, p∞, ρ∞). See [Gro99] for
the definition and basic facts concerning Gromov-Hausdorff convergence.
A metric space (M∞, p∞, ρ∞) is a tangent cone at infinity of Mn if it is a
Gromov-Hausdorff limit of a sequence of rescaled manifolds (Mn, p, r−2j g), where
r j → ∞. By Gromov’s compactness theorem, [Gro99], any sequence r j → ∞,
has a subsequence, also denoted as r j → ∞, such that the rescaled manifolds
(Mn, p, r−2j g) converge to some tangent cone at infinity M∞ in the Gromov-Hausdorff
sense.
Let us recall that from Bishop-Gromov’s volume comparison theorem, we can
define the asymptotic volume ratio
VM = lim
r→∞
V(r)
rn
(2.1)
where V(r) is the volume of the geodesic ball B(r) centered at p with radius r. And
the above definition is independent of p, so we omit p there. If VM > 0, we say that
(Mn, g) has maximal volume growth. Note VM ≤ Vn0 (1) from Bishop-Gromov’s
volume comparison theorem, where Vnk (r) is the volume of ball with radius r in the
n-dimensional space form with sectional curvature equal to k.
Example of Perelman [Per97] shows that tangent cone at infinity is not unique in
general even if the manifold with Rc ≥ 0 has maximal volume growth and quadratic
curvature decay. Although the tangent cone at infinity may be not unique, under
maximal volume growth assumption, Cheeger and Colding proved the following
theorem characterizing it:
Theorem 2.1 ([CC96]). Let Mn be a complete manifold with Rc ≥ 0 and maximal
volume growth, then every tangent cone at infinity M∞ is a metric cone C(X), where
X is a compact metric space and diam(X) ≤ π.
Note the metric on the metric cone C(X) is dr2 + r2dX, where r ∈ [0,∞).
In the collapsed case (i.e. the maximal volume growth assumption does not
hold), we can consider the renormalized measure on the limit space under the mea-
sured Gromov-Hausdorff convergence. As in Section 9 of [Che99], we have the
following definition.
Definition 2.2. If ωi, ω∞ are Borel regular measures on Mni , M∞, we say that(Mni , pi, ρi, ωi) converges to (M∞, p∞, ρ∞, ω∞) in the measured Gromov-Hausdorff
sense, if (Mni , pi, ρi)
dGH−→ (M∞, p∞, ρ∞), in addition, for any xi → x∞, (xi ∈ Mni ,
x∞ ∈ M∞), r > 0, we have
ωi
(
Bi(xi, r)
)
→ ω∞
(
B∞(x∞, r)
)
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where (M∞, ρ∞) is a length space with length metric ρ∞, and
Bi(xi, r) = {z ∈ Mni | dρi (z, xi) ≤ r} , B∞(x∞, r) = {z ∈ M∞| dρ∞(z, x∞) ≤ r}
For later use, we also set up the following Blow Down Setup: Note that (Mn, g, µ)
is a complete Riemannian manifold with Rc ≥ 0, where µ is the volume element
determined by the metric g. We can define (Mi, p, ρi, νi), where Mi is the same
differential manifold as Mn, ρi is the metric defined as ρi = r−2i g, {ri}∞i=1 is an in-
creasing positive sequence whose limit is ∞, p is a fixed point on Mi = Mn, and νi
is the renormalized measure defined by
νi(A) :=
( ∫
Bi(1)
1dµi
)−1( ∫
A
1dµi
)
= rni V(ri)−1µi(A)(2.2)
where A ⊂ Mi, Bi(1) := {z ∈ Mi| dρi (z, p) ≤ 1}, and µi is the volume ele-
ment determined by ρi. Then by Gromov’s compactness theorem (see [Gro99])
and Theorem 1.6 in [CC97], after passing to a suitable subsequence, we have
(Mi, p, ρi, νi) dGH−→ (M∞, p∞, ρ∞, ν∞) in the measured Gromov-Hausdorff sense,
where ν∞ is the renormalized limit measure defined as in Section 1 of [CC97].
Let Z be a metric space and let ν be a Borel measure on Z. As in Section 2 of
[CC00a], we define the associated Hausdorff measure in codimension 1 (denoted
as ν−1) as follows. Fix δ > 0 and U ⊂ Z, let B = {Bri(qi)} be a covering of U with
ri < δ, for all i. Put
(ν−1)δ(U) = infB
∑
i
r−1i ν
(
Bri(qi)
)(2.3)
and
ν−1(U) = lim
δ→0
(ν−1)δ(U)(2.4)
Definition 2.3. On a metric cone (C(X), dr2 + r2dX), ν is called conic measure of
power κ, and κ is a positive constant denoted as p(ν), if for any Ω ⊂⊂ C(X),
ν(Ω) =
∫ ∞
0
rκ−1dr
∫
X
χ(Ωr)dν−1(2.5)
where Ωr = {z|z ∈ Ω, r(z) = r}, χ(·) is the characteristic function on C(X).
If (Mn, g) is a complete manifold with Rc ≥ 0 and maximal volume growth, from
Theorem 2.1 above and Theorem 5.9 in [CC97], every tangent cone at infinity of
Mn is a metric cone, with the unique corresponding renormalized limit measure,
which is a conic measure of power n. In collapsing case, our definition of conic
measure will play the role of co-area formula on metric cones in non-collapsing
case, which was showed in Section 7 of [Honb].
Assume that (Mn, g) is a complete manifold with Rc ≥ 0, all tangent cones at
infinity are metric cones and every renormalized limit measure is conic measure,
we define the set of all tangent cones at infinity of Mn with renormalized limit
measure as M (M) := {(C(X), ν)| C(X) is the metric tangent cone at infinity of Mn,
ν is the conic renormalized limit measure}.
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From [CC00b] (also see [Che99]), there exists a self-adjoint Laplace operator
∆(C(X),ν) on (C(X), ν) ∈ M (M). From (2.3) and (2.4), ν induces a natural measure
ν−1 on X, which satisfies a volume doubling property. Similar argument as in
[Din02] (see Section 4 there), weak Poincare´ inequality also holds on (X, ν−1).
Hence from [CC00b] (also see [Che99]), volume doubling property, weak Poincare´
inequality and the rectifiability of the cross section X yields the existence of a self-
adjoint positive Laplace operator ∆(X,ν−1) on (X, ν−1).
When H1(X) > 0 where H i is i-dimensional Hausdorff measure, L2(X) is an
infinite dimensional Hilbert space. Now from Rellich-type Compactness Theorem
(Theorem 4.9 of [Hona], also see the Appendix of [Xu14]), similar as the standard
elliptic theory on compact manifolds (see Chapter 6 in [War83] etc.), on compact
metric measure space (X, ν−1), we have an orthonormal basis {ϕi(x)}∞i=1 for L2(X),
and a sequence 0 = λ1 < λ2 ≤ λ3 ≤ · · · , limi→∞ λi = ∞, such that
∆(X,ν−1)ϕi(x) = −λiϕi(x)(2.6)
Now assume that (Mn, g) is a complete manifold with Rc ≥ 0, all tangent cones
at infinity are metric cones and every renormalized limit measure is conic measure,
and H1(X) > 0. Then we have the following proposition:
Proposition 2.4. For any (C(X), ν) ∈ M (M), assume that conic measure ν is of
power κ > 0, for any u(x) ∈ H10(C(X)),
∆(C(X),ν)u =
∂2u
∂r2
+
κ − 1
r
∂u
∂r
+
1
r2
∆(X,ν−1)u(2.7)
Proof: For any w ∈ H10(C(X)), by definition of ∆(C(X),ν) and ∆(X,ν−1) (see Section
6 of [CC00b]), we can use integration by parts, combining with the definition of
conic measure (2.5), then∫
C(X)
∆(C(X),ν)u · wdν = −
∫
C(X)
∇u · ∇wdν = −
∫ ∞
0
rκ−1
( ∫
X
∇u · ∇wdν−1
)
dr
= −
∫ ∞
0
rκ−1
( ∫
X
(∇ru + 1
r
∇xu) · (∇rw + 1
r
∇xw)dν−1(x)
)
dr
(2.8)
= −
∫ ∞
0
rκ−3
( ∫
X
∇xu · ∇xwdν−1(x)
)
dr −
∫ ∞
0
rκ−1
∫
X
∇ru · ∇rwdν−1(x)
=
∫ ∞
0
rκ−1
∫
X
1
r2
∆(X,ν−1)u · w +
∫ ∞
0
rκ−1
∫
X
(∂2u
∂r2
+
κ − 1
r
∂u
∂r
)
· w
=
∫
C(X)
[∂2u
∂r2
+
κ − 1
r
∂u
∂r
+
1
r2
∆(X,ν−1)u
]
· wdν
(2.9)
where (2.8) follows from the metric cone structure of C(X).
From (2.9), we obtain (2.7). 
The following corollary is similar as Theorem 1.11 of [CM97b] (also see [Che79]),
for completeness we provide its proof here following the argument in [CM97b].
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Corollary 2.5. If u is a harmonic function on (C(X), ν) with respect to ∆(C(X),ν),
then
u(r, x) =
∞∑
i=1
cir
αiϕi(x)(2.10)
where ci, α j ≥ 0 are constants, and ϕ j, λ j = α j
(
κ + α j − 2
)
are defined in (2.6).
Proof: We can assume that u(0) = 0. By the spectral theorem applied on (X, ν−1),
u(1, x) =
∞∑
j=0
a jϕ j(x)(2.11)
where the convergence is in L2(X, ν−1) sense.
On the other hand, from Proposition 2.4, it is not hard to prove that
uˆ(r, x) =
∞∑
j=0
a jrα jϕ j(x)
is a harmonic function on (C(X), ν), where α j(α j + κ − 2) = λ j and α j ≥ 0.
Now consider the harmonic function
u˜(r, x) = u(r, x) − uˆ(r, x)
From (2.11), u˜ vanishes on ∂B1 ⊂ C(X) and at the vertex 0. Then by the maximum
principle, u˜ ≡ 0. Hence (2.10) follows.

And we also define S (M) the spectrum at infinity of (Mn, g) and D(M) the
degree spectrum at infinity of (Mn, g):
S (M) := {λ| λ = λ j(X, ν−1) f or some positive interger j and (C(X), ν) ∈ M (M)}
D(M) := {α ≥ 0| α(κ + α − 2) = λ f or some λ = λ j(X, ν−1) ∈ S (M) and κ = p(ν)}
We also define the convergence concept for functions on manifolds {Mni } as the
following, it is called “uniform convergence in Gromov-Hausdorff topology”, for
simplification, sometimes it is written as ”uniform convergence in G-H topology”.
Definition 2.6 (Uniform Convergence in G-H topology). Suppose
Ki ⊂ Mni
dGH−→ K∞ ⊂ M∞
Assume that { fi}∞i=1 are functions on Mni , f∞ is a function on M∞. andΦi : K∞ → Ki
are ǫi-Gromov-Hausdorff approximations, limi→∞ ǫi = 0. If fi ◦ Φi converge to f∞
uniformly, we say that fi → f∞ uniformly over Ki dGH−→ K∞.
In the rest of this section, unless explicitly stated, (Mn, g) is an n-dimensional
complete manifold with Rc ≥ 0 and maximal volume growth. We restrict our
discussion to the case of n ≥ 3, fix p ∈ Mn, let G(x) denote the minimal posi-
tive Green’s function on Mn with singularity at p. And as in [CM97c], we will
normalize G(x) by
∆G(x) = (2 − n)Vn−11 (π)δp(x)(2.12)
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From [Var81] (also see [Li86]) and the maximal volume growth of the manifold,
we know that G(x) exists. Set
b(x) =
( VM
Vn0 (1)
G(x)
) 1
2−n
, ρ(x) = d(p, x)(2.13)
Note when Mn is Rn, the function b(x) is just the distance function ρ(x). We also
use B(r) to denote the geodesic ball centered at p with radius r on M. And we have
the following fact:
lim
ρ(x)→0
b(x)
ρ(x) =
( VM
Vn0 (1)
) 1
2−n(2.14)
We collect some important facts about b(x) proved by Cheeger and Colding
[CC96], Colding and Minicozzi [CM97c], Colding [Col12] in the following.
Theorem 2.7 ([CC96], [CM97c], [Col12]).
lim
r→∞
∫
b(x)≤r
∣∣∣∣|∇b|2 − 1
∣∣∣∣2dx
Vol(b(x) ≤ r) = limr→∞
∫
b(x)≤r
∣∣∣∣Hess(b2) − 2g
∣∣∣∣2dx
Vol(b(x) ≤ r) = 0 ;(2.15)
lim
ρ(x)→∞
b(x)
ρ(x) = 1 ; |∇b| ≤ 1(2.16)
where g is the metric tensor on Mn.
Let us recall the definition of frequency function in [CM97b], we firstly define:
Iu(r) = r1−n
∫
b(x)=r
u2|∇b|dx(2.17)
Du(r) = r2−n
∫
b(x)≤r
|∇u|2dx , Fu(r) = r3−n
∫
b(x)=r
∣∣∣∣∂u
∂n
∣∣∣∣2|∇b|dx(2.18)
then the frequency function is defined by
Fu(r) = Du(r)Iu(r)(2.19)
where u(x) is a harmonic function defined on {b(x) ≤ r}.
Using the fact that u is harmonic, differentiating (2.17), we get
I′u(r) = 2
Du(r)
r
≥ 0(2.20)
From (2.20), I1(r) is constant. Then by the fact (2.14), it is not hard to see that
I1(r) = nVM(2.21)
We further define two quantities which are technically easier to be dealt with,
comparing with Du and Fu.
Eu(r) = r2−n
∫
b(x)≤r
|∇u|2|∇b|2dx , Wu(r) = Eu(r)Iu(r)(2.22)
Sometimes for simplification, we omit the subscript u in Iu(r), · · · , Wu(r) when
the context is clear, and use I(r), · · · , W (r) instead.
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When Mn is a complete manifold with Rc ≥ 0 and maximal volume growth,
r j → ∞, assume that the rescaled manifolds (Mn, p, r−2j g) converge to some tan-
gent cone at infinity M∞ in the Gromov-Hausdorff sense, From Theorem 0.1 of
[CM97c], and Theorem 3.21, Corollary 4.22 of [Din02], we have the following
proposition:
Proposition 2.8. If K j and K∞ are compact subsets of (Mn, p, r−2j g) and M∞ re-
spectively, suppose K j
dGH−→ K∞, then b j → b∞ uniformly over K j dGH−→ K∞, where
b j and b∞ are defined by (2.13) on (Mn, p, r−2j g) and (M∞, p∞, ρ∞) respectively,
furthermore b∞ = ρ∞.
3. Three Circles Theorems for harmonic functions
Different types of Three Circles Theorems were proved by Simon [Sim83],
Cheeger and Tian [CGT94], Colding, DeLellis and Minicozzi [CDLM08] in dif-
ferent contexts. Also see Zhang [Zha99], Ding [Din04] for harmonic functions on
manifolds and Liu [Liua] for holomorphic functions on Ka¨hler manifolds.
However, to study Question 1.3, Conjecture 1.4 and Conjecture 1.9, we need
to do some modification to get the Three Circles Theorems applicable on those
problems.
Lemma 3.1. For {wi}∞i=1, wi ≥ 0, if
∞∑
i=1
wi ≤
∞∑
i=1
22(α−αi)wi(3.1)
then
∞∑
i=1
2−2αi wi ≤
∞∑
i=1
22(α−2αi)wi(3.2)
where 0 = α1 < α2 ≤ α3 ≤ · · · , and α > 0. Furthermore, the equality in (3.2)
holds if and only if wi = 0 for all i satisfying αi , α.
Proof: (3.1) is equivalent to∑
αi,α1
wi(1 − 22(α−αi)) ≤ w1(22α − 1)(3.3)
and (3.2) is equivalent to∑
αi,α1
2−2αi wi(1 − 22(α−αi)) ≤ w1(22α − 1)(3.4)
Note ∑
αi,α1
2−2αi wi(1 − 22(α−αi)) ≤
∑
αi,α1
2−2αwi(1 − 22(α−αi))(3.5)
If
∑
αi,α1 wi(1 − 22(α−αi)) ≤ 0, from (3.5),∑
αi,α1
2−2αi wi(1 − 22(α−αi)) ≤ 0 ≤ w1(22α − 1)
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If ∑αi,α1 wi(1 − 22(α−αi)) > 0, from (3.3)∑
αi,α1
2−2αi wi(1 − 22(α−αi)) ≤ 2−2αw1(22α − 1) < w1(22α − 1)
Hence (3.4) is proved, and (3.2) is obtained. Check the above argument care-
fully, it is easy to find that the equality in (3.2) holds if and only if wi = 0 for all i
satisfying αi , α. 
On (Mn, g, µ) where µ is a Borel regular measure on Mn, define the J-function
of u as the following:
Ju(r) = 1
µ(B(r))
∫
B(r)
u2dµ(3.6)
Unless otherwise mentioned, for Ju(r) in (3.6), the measure µ will be assumed as
the volume measure determined by the metric g.
Theorem 3.2. Let (Mn, g) be a complete manifold with nonnegative Ricci curva-
ture, assume that every tangent cone at infinity of Mn is a metric cone C(X) with the
conic renormalized limit measure of power κ ≥ 2, and H1(X) > 0. If α < D(M),
then there exists integer k0 = k0(α) > 1, such that for r ≥ k0, and u(x) harmonic
over B(r) ⊂ (Mn, g),
(3.7) Ju(r) ≤ 22αJu( r2)
implies
Ju( r2) ≤ 2
2αJu( r4)(3.8)
Proof: By contradiction. If Theorem 3.2 is not true, then there exists a sequence
{rl}, rl → ∞, and the corresponding harmonic functions ul such that the following
inequalities hold:
Jul(rl) ≤ 22αJul(
rl
2
) , Jul (
rl
2
) > 22αJul(
rl
4
)(3.9)
Using the assumptions about tangent cones with renormalized limit measure, com-
bining the knowledge about measured Gromov-Hausdorff convergence, without
loss of generality (by choosing subsequence of {ul}), we assume (Mn, p, ρl, νi)
converges to (C(Y), p∞, ρ∞, ν∞) in the measured Gromov-Hausdorff sense as in
Blow Down Setup of Section 2, and (C(Y), ν∞) is a metric cone with conic mea-
sure.
Clearly (3.9) implies Jul( rl2 ) , 0, define
u˜l =
ul(
Jul ( rl2 )
) 1
2
Look at u˜l as the function on Bl(1) ⊂ (Mn, gl), from (3.9)
J(l)u˜l (1) ≤ 22αJ
(l)
u˜l
(1
2
) , J(l)u˜l (
1
2
) > 22αJ(l)u˜l (
1
4
)(3.10)
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where J(l)u˜l is the J-function of u˜l on manifold (Mn, gl, νl). Also we have
J(l)u˜l (
1
2
) = Ju˜l(
rl
2
) = 1(3.11)
From Theorem 1.2 in [LS84] and Cheng-Yau’s gradient estimate in [CY75], we
have the following estimates:
sup
B(l)(1−θ)
|u˜l| ≤ C(n, p, θ)
[
J(l)u˜l (1)
] 1
2 ≤ C(n, p, θ, α)
[
J(l)u˜l (
1
2
)
] 1
2
= C(n, p, θ, α)
sup
B(l)(1−θ)
|∇u˜l |gl ≤ C(n, p, θ, α)
So for any θ ∈ (0, 1), u˜l and |∇u˜l | are uniformly bounded over B(l)(1 − θ). By
Harnack’s convergence theorem in the Gromov-Hausdorff sense (see [Din02], also
[Xu14]), we get that {u˜l} converges uniformly on compact subsets of B∞(1) ⊂ C(Y)
to u∞, and u∞ is harmonic over B∞(1). Hence,
lim
l→∞
J(l)u˜l (
1
2
) = Ju∞(
1
2
)(3.12)
where Ju∞ is the J-function of u∞ on (C(Y), ρ∞, ν∞) defined as in (3.6).
By u∞ is harmonic over B∞(1) ⊂ C(Y), as in (2.10) we can write
u∞ =
∞∑
i=1
cir
αiϕi(x)(3.13)
where {ϕi(x)} are the eigenfunctions of ∆Y on Y , also the orthonormal basis for
L2(Y), ∆Yϕi(x) = −λiϕi(x), λi = αi(αi + n − 2) and αi ≥ 0.
From (3.10), we get∫
B∞(1)
u2∞dν∞ = limk→∞
∫
B∞
(
1− 1k
) u2∞dν∞ = limk→∞ liml→∞
∫
Bl
(
1− 1k
) u˜2l dνl
≤ lim
l→∞
∫
Bl(1)
u˜2l dνl ≤ 22α liml→∞
V(rl)
V( rl2 )
∫
Bl( 12 )
u˜2l dνl
= 22α+κ
∫
B∞( 12 )
u2∞dν∞(3.14)
∫
B∞( 12 )
u2∞dν∞ ≥ 22α+κ
∫
B∞( 14 )
u2∞dν∞(3.15)
in the last equality of (3.14) we used the assumption that the renormalized limit
measure is conic measure of degree κ.
Plug (3.13) into (3.14) and (3.15), we get
∞∑
i=1
wi ≤
∞∑
i=1
22(α−αi)wi ,
∞∑
i=1
2−2αi wi ≥
∞∑
i=1
22(α−2αi)wi
where wi =
c2i
2αi+κ .
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From the above two inequalities, by Lemma 3.1 and the assumption α < D(M),
we get wi = 0 and ci = 0, hence u∞ ≡ 0. Taking limit in (3.11), combining (3.12)
and u∞ = 0, we obtain
1 = lim
l→∞
J(l)u˜l (
1
2
) = Ju∞(
1
2
) = 0
It is the contradiction, hence the conclusion is proved. 
Recall we defined Iu in (2.17) for harmonic functions u(x), we have the other
Three Circles Theorems for Iu, which will be useful for estimating the frequency
of u(x). Before proving the theorem, we firstly need to control the C0 and C1 norm
of u(x) by Iu, which is achieved by the following lemma.
Lemma 3.3. Assume that (Mn, g) is an n-dimensional complete manifold with Rc ≥
0 and maximal volume growth, u(p) = 0 and u(x) is harmonic on {b ≤ r} ⊂ Mn.
Then for any θ ∈ (0, 1) and r > 0,
sup
b≤(1−θ)r
|u|2 ≤ C(n, p, θ,VM)Iu(r)(3.16)
sup
b≤(1−θ)r
|∇u|2 ≤ C(n, p, θ,VM)r−2Iu(r)(3.17)
Proof: From I′(r) = 2D(r)
r
, we have
2
∫ r
(1− θ2 )r
D(s)
s
= I(r) − I
((
1 − θ
2
)
r
)
≤ I(r)
hence
2
∫ r
(1− θ2 )r
sn−2D(s)ds ≤ rn−1I(r)(3.18)
by the definition of D(r), sn−2D(s) is nondecreasing, and therefore (3.18) yields
θr
((
1 − θ
2
)r
)n−2
D
((
1 − θ
2
)r
)
≤ rn−1I(r)
After simplification, we get
D
((
1 − θ
2
)r
)
≤ C(n, θ)I(r)(3.19)
Assume that |∇u|2(x0) = supb≤(1−θ)r |∇u|2 and b(x0) = r0 ≤ (1−θ)r. From (2.16),
there exists r1 = C(p,VM , θ)r > 0 such that Bx0(r1) ⊂ {b ≤
(
1 − θ2
)
r}, hence by
Theorem 1.2 in [LS84],
|∇u|2(x0) ≤ C(n)
V
(
Bx0(r1)
)
∫
Bx0 (r1)
|∇u|2 ≤ C(n, p, θ,VM)r−2D
((
1 − θ
2
)
r
)
Combining (3.19), we obtain
sup
b≤(1−θ)r
|∇u|2 ≤ C(n, p, θ,VM)r−2I(r)(3.20)
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By integrating (3.20) along geodesics starting at p and using u(p) = 0,
sup
b≤(1−θ)r
|u|2 ≤ C(n, p, θ,VM)I(r)

Theorem 3.4. Assume that (Mn, g) is an n-dimensional complete manifold with
Rc ≥ 0 and maximal volume growth, α < D(M), then there exists integer k0 =
k0(α) > 1, such that for r ≥ k0, u(x) harmonic over B(r) ⊂ (Mn, g) and u(p) = 0,
(3.21) Iu(r) ≤ 22αIu( r2)
implies
Iu( r2) ≤ 2
2αIu( r4)(3.22)
Proof: By contradiction. If Theorem 3.4 is not true, then there exists a sequence
{rl}, rl → ∞, and the corresponding harmonic functions ul such that the following
inequalities hold:
Iul(rl) ≤ 22αIul (
rl
2
) , Iul (
rl
2
) > 22αIul (
rl
4
) , ul(p) = 0(3.23)
Without loss of generality (by choosing subsequence of {ul}), we can assume that
(Mn, p, ρl)
dGH−→ (C(X), p∞, ρ∞)(3.24)
where ρl = gl = r−2l g is the rescaled metric, and C(X) is one tangent cone at infinity
of (Mn, g), which is a metric cone by Theorem 2.1.
Clearly (3.23) implies Iul ( rl2 ) , 0, define
u˜l =
ul(
Iul ( rl2 )
) 1
2
Look at u˜l as the function on Bl(1) ⊂ (Mn, gl), we have
I(l)u˜l (1) ≤ 22αI
(l)
u˜l
(1
2
) , I(l)u˜l (
1
2
) > 22αI(l)u˜l (
1
4
) , u˜l(p) = 0(3.25)
where I(l)
u˜l
is the frequency function of u˜l on manifold (Mn, gl), and
I(l)u˜l (
1
2
) = Iu˜l (
rl
2
) = 1(3.26)
From Lemma 3.3 and (3.25), we have the following estimates,
sup
bl≤(1−θ)
|u˜l | ≤ C(n, p, θ,VM)
[
I(l)u˜l (1)
] 1
2 ≤ C(n, p, θ,VM, α)
[
I(l)u˜l (
1
2
)
] 1
2
= C(n, p, θ,VM , α)
sup
bl≤(1−θ)
|∇u˜l|gl ≤ C(n, p, θ,VM , α)
where bl is the b(x) function defined as in (2.13) on (Mn, p, gl).
So for any θ ∈ (0, 1), u˜l and |∇u˜l| are uniformly bounded over {bl ≤ (1 − θ)}. By
Harnack’s convergence theorem in the Gromov-Hausdorff sense (see [Din02], also
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[Xu14]), we get that {u˜l} converges uniformly on compact subsets of {b∞ < 1} ⊂
C(X) to u∞, and u∞ is harmonic over {b∞ < 1}. From Proposition 3.4 in [Honb],
we have
lim
l→∞
I(l)u˜l (
1
2
) = Iu∞ (
1
2
)(3.27)
By u∞ is harmonic over {b∞ < 1}, as in (2.10) we can write
u∞ =
∞∑
i=1
cir
αiϕi(x)(3.28)
where {ϕi(x)} are the eigenfunctions of ∆X on X, also the orthonormal basis for
L2(X), ∆Xϕi(x) = −λiϕi(x), λi = αi(αi + n − 2) and αi ≥ 0.
From (3.25), note b∞ = ρ∞ on C(X), again by Proposition 3.4 in [Honb]∫
b∞=1
u2∞ = limk→∞
∫
b∞=
(
1− 1k
) u2∞ = limk→∞
{(
1 − 1k
)n−1
lim
l→∞
I(l)u˜l
(
1 − 1k
)}
≤ lim
l→∞
I(l)u˜l (1) ≤ liml→∞ 2
2αI(l)u˜l (
1
2
) = 22α+n−1
∫
b∞= 12
u2∞(3.29)
∫
b∞= 12
u2∞ ≥ 22α+n−1
∫
b∞= 14
u2∞(3.30)
in the first inequality of (3.29) we used the fact I(r) is nondecreasing in r.
Plug (3.28) into (3.29) and (3.30), we get
∞∑
i=1
wi ≤
∞∑
i=1
22(α−αi)wi ,
∞∑
i=1
2−2αi wi ≥
∞∑
i=1
22(α−2αi)wi
where wi = c2i . From the above two inequalities and Lemma 3.1, ci = 0, hence
u∞ ≡ 0.
Taking limit in (3.26), combining (3.27) and u∞ = 0, we obtain
1 = lim
l→∞
I(l)
u˜l
(1
2
) = Iu∞ (
1
2
) = 0
It is the contradiction, hence the conclusion is proved. 
4. The existence of harmonic functions with polynomial growth
In the following lemma, we assume that (Mn, g) is a complete manifold with
Rc ≥ 0, and every tangent cone at infinity of Mn with renormalized limit measure
is a metric cone C(X) with conic measure of power κ ≥ 2, and H1(X) > 0.
Lemma 4.1. Assume u∞ is harmonic on C(X) ∈ M (M) and u∞(p∞) = 0, then
there exist Ri → ∞, B(Ri) ⊂ Mn, such that limi→∞ dGH(Bi(1), B∞(1)) = 0, where
Bi(1) ⊂ (Mn,R−2i g), B∞(1) ⊂ C(X), and ui harmonic on Bp(Ri) = Bi(1) satisfying
the following property:
lim
i→∞
|ui ◦Ψ∞,i − u∞|L∞(B∞(1)) = 0 , ui(p) = 0(4.1)
where Ψ∞,i : B∞(1) → Bi(1) is an ǫi-Gromov-Hausdorff approximation, and
limi→∞ ǫi = 0.
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Remark 4.2. The above lemma was inspired by Theorem 2.1 of [Din04], however
there is a small (but new) restriction on ui (ui(p) = 0) in our statement, which is
crucial in our proof of Theorem 4.3.
Proof: It follows from Lemma 10.7 in [Che99], there exists Lipschitz function
u˜i defined on (Mn,R−2i g) such that
lim
i→∞
|u˜i ◦ Ψ∞,i − u∞|L∞(B∞(1)) = 0 ; Lip(u˜i) ≤ C(4.2)
where C is some positive constant independent of i, and
Lip( f ) := sup
z∈B∞(1)
lim inf
r→0
sup
d(z,y)=r
| f (y) − f (z)|
r
Let uˆi be the solution of the following Dirichlet problem:
(4.3)
{
∆uˆi = 0 , on Bi(1)
uˆi = u˜i , on ∂Bi(1)
By (4.2) and Lemma 10.7 in [Che99], u˜i|∂Bi(1) is uniformly bounded. From
maximum principle on Bi(1), uˆi are uniformly bounded.
Let xi ∈ ∂Bi(1), xi → x∞ ∈ ∂B∞(1). For any ǫ > 0, from (4.2) there exists
δ ∈ (0, 1) such that
|u˜i(x) − u˜i(xi)| < ǫ2 i f |x − xi| < δ
On the cone C(X) there is a unique ray starting from the pole p∞, passing
through x∞. Pick a point q∞ on this ray with d∞(p∞, q∞) > d∞(p∞, x∞), then
d∞(x, q∞) > d(x∞, q∞) , ∀x ∈ {z| d∞(z, x∞) < δ} ∩ ¯B∞(1)
Hence we can choose qi → q∞ such that
dρi (qi, x) ≥ dρi(qi, xi) , ∀x ∈ {z| dρi (z, xi) < δ} ∩ ¯Bi(1)
Consider
wi(x) = dρi(qi, xi)2−n − dρi(qi, x)2−n
By the Laplacian comparison theorem, ∆iwi ≤ 0, and it is easy to see that wi ≥ 0
on {z| dρi(z, xi) < δ} ∩ ¯Bi(1), wi(xi) = 0. Hence it is the barrier function defined as
in Section 2.8 of [GT01].
Now let M = supi supx∈∂Bi(1) |u˜i(x)| < ∞, using the fact
lim
i→∞
wi(yi) = d∞(q∞, x∞)2−n − d∞(q∞, y∞)2−n i f yi → y∞(4.4)
hence there exists constant k > 0, which is independent of i, such that when i >> 1,
kwi(x) ≥ 2M i f |x − xi| ≥ δ
Then it is easy to check(
u˜i(xi) + ǫ2 + kwi(x) − uˆi(x)
∣∣∣
∂Bi(1)
)
≥ 0 ,
∆
(
u˜i(xi) + ǫ2 + kwi(x) − uˆi(x)
)
≤ 0
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From maximum principle, in Bi(1),
u˜i(xi) + ǫ2 + kwi(x) ≥ uˆi(x)
Similarly in Bi(1), we have
u˜i(xi) − ǫ2 − kwi(x) ≤ uˆi(x)
Hence
|uˆi(x) − u˜i(xi)| ≤ ǫ2 + kwi(x) x ∈ Bi(1)(4.5)
Note k is independent of i, using the fact (4.4) again, we get δ0 > 0, such that
for xi ∈ ∂Bi(1), dρi(x, xi) ≤ δ0 implies |uˆi(x) − u˜i(xi)| ≤ ǫ for any i >> 1. In fact,
from (4.5), we can obtain that uˆi are uniformly continuous near boundary of Bi(1).
Combining with the Cheng-Yau’s gradient estimate, uˆi are uniformly continuous
on Bi(1).
From Harnack’s convergence theorem in the Gromov-Hausdorff sense (see [Din02],
also [Xu14]), uˆi converges to w∞ on B∞(1), i.e.
lim
i→∞
|uˆi ◦ Ψ∞,i − w∞|L∞(B∞(1)) = 0(4.6)
From (4.2), (4.3) and (4.6), we get that w∞|∂B∞(1) = u∞|∂B∞(1). From maximum
principle on C(X), w∞ = u∞ on B∞(1). We get
lim
i→∞
|uˆi ◦Ψ∞,i − u∞|L∞(B∞(1)) = 0
Choose ui(x) = uˆi(x) − uˆi(p), note uˆi(p) → u∞(p∞) = 0, then
lim
i→∞
|ui ◦Ψ∞,i − u∞|L∞(B∞(1)) = 0
The conclusion is obtained. 
Theorem 4.3. Let (Mn, g) be a complete manifold with nonnegative Ricci curva-
ture, assume that every tangent cone at infinity of Mn with renormalized limit mea-
sure is a metric cone C(X) with conic measure of power κ ≥ 2, and H1(X) > 0. If
there exists d < D(M) and d > inf{α| α ∈ D(M), α , 0}, then dim(Hd(M)) ≥ 2.
Proof: By assumption, there exists α1 ∈ D(M), α1 , 0 and α1 < d. Hence there
is C(X) ∈ M (M), and ϕ1(x) is the eigenfunction on X with respect to eigenvalue
λ1 = α1(α1 + κ − 2),
∫
X |ϕ1|2 = 1. Let u∞ = rα1ϕ1(x) in Lemma 4.1, then choose{ui} from Lemma 4.1. We have the following lemma:
Lemma 4.4. For any given positive constant r0 ∈ (0, 1), there exists i0 = i0(d −
α1, r0) > 0 such that if i ≥ i0, for any r ∈ [r0Ri,Ri],
(4.7) Jui(r) ≤ 22d · Jui(
r
2
)
Proof: By contradiction. If the lemma is not true, without loss of generality,
we can assume that for some r0 ∈ (0, 1), there exists a subsequence of {i}∞1 , for
simplicity also denoted as {i}∞1 such that
Jui(ri) > 22d · Jui(
ri
2
)(4.8)
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where ri ∈ [r0Ri,Ri].
Note R−1i ri ∈ [r0, 1], without loss of generality, we can assume that there exists
a subsequence of {i}, for simplicity also denoted as {i} such that
lim
i→∞
R−1i ri = c0 ∈ [r0, 1](4.9)
where c0 is some constant.
Taking the limit in (4.8), from (4.9) and Lemma 4.1 we get
1
ν∞
(
B∞(c0))
∫
B∞(c0)
|u∞|2dν∞ ≥
22d
ν∞
(
B∞( c02 )
)
∫
B∞
(
c0
2
) |u∞|2dν∞(4.10)
From u∞ = rα1ϕ1(x) and d > α1, (4.10) implies
∫
X |ϕ1(x)|2dx = 0, which is contra-
diction. 
Note d < D(M), from Theorem 3.2 and induction method, there exists k0 =
k0(d) such that for r ∈ [ k02 ,Ri], (4.7) holds, where we choose i big enough such that
i ≥ i0(d − α1, r0), Ri > k0 and ui . 0.
Now we define
uˇi(x) = ui(x)√
Jui ( k02 )
(4.11)
then
Juˇi(
k0
2
) = 1 , uˇi(p) = 0(4.12)
Note the scaling invariant property of (4.7), hence there exists i0 > 0, if i ≥ i0,
for r ∈ [ k02 ,Ri], Juˇi(r) ≤ 22d · Juˇi( r2 ), and we get
Juˇi (r) ≤
(
22d
)ln2 ( rk0 )+1Juˇi (k0) = ( rk0
)2d · (22d)Juˇi(k0)(4.13)
By Theorem 1.2 of [LS84],
|uˇi(x)|2 ≤ C(n, p)Juˇi
(
2ρ(x))(4.14)
recall that ρ(x) = d(x, p).
From (4.13) and (4.14), when i ≥ i0, for ρ(x) ∈ [ k04 , Ri2 ],
|uˇi(x)| ≤ C(n, p, d, k0)ρ(x)d(4.15)
Combining with the Cheng-Yau’s gradient estimate in [CY75] and the Arzela-
Ascoli theorem, after taking suitable subsequence, uˇi converges to a polynomial
growth harmonic function u(x) on Mn. From (4.12), we know that u(x) is not
constant. The conclusion is proved. 
Proof of Theorem 1.7: When the tangent cone at infinity of Mn with renor-
malized limit measure is the unique metric cone with conic measure, denoted as
(C(X), ν), then D(M) is a countable set by the fact that the spectrum of (X, ν−1) is a
discrete set. Hence we can find d < D(M) and d > inf{α| α ∈ D(M), α , 0}, from
Theorem 4.3, the conclusion is proved. 
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Lemma 4.5. Suppose (Mn, g) has nonnegative sectional curvature, and for some
fixed constants κ > 1, a0 > 0,
lim
s→∞
V(B(x, s))
sκ
= a0(4.16)
where the convergence in (4.16) is uniform for all x ∈ Mn. Then the tangent cone
at infinity of Mn with renormalized limit measure is a unique metric cone C(X) with
unique conic measure ν of power κ, Hκ−1(X) > 0 and κ ≥ 2 is an integer.
Remark 4.6. If (4.16) holds uniformly for all x ∈ Mn, we will say (Mn, g) has
uniform asymptotic polynomial volume growth of degree κ.
Proof: Assume xi → x, ri → ∞, then Bi(xi, r) → B∞(x, r), we have
ν
(
B∞(x, r)) = lim
i→∞
µi
(
Bi(xi, r)
)
µi
(
Bi(p, 1)
) = lim
i→∞
µ
(
B(xi, rir)
)
µ
(
B(p, ri)
)
= rκ lim
i→∞
µ
(
B(xi, rir)
)
a0(rir)κ = r
κ(4.17)
where the last equation follows from the uniform convergence of (4.16).
From the definition of Hausdorff dimension, using (4.17), we obtain that the
Hausdorff dimension of C(X) is κ and Hκ(C(X)) > 0. Because C(X) is a metric
cone on metric space X, it is not hard to get that the Hausdorff dimension of X is
(κ − 1) and Hκ−1(X) > 0.
By Theorem 5.5 of [CC00b] and the definitions of Ahlfors l-regular and ν-
rectifiable (Definition s 5.1 and 5.3 in [CC00b]), where l is some non-negative
number, using (4.17), we obtain that ν is Ahlfors κ-regular at all x ∈ C(X), and κ
must be a non-negative integer. By assumption κ > 1, we proved that κ ≥ 2 is an
integer.
From the Definition 2.3 and (4.17), it is straightforward to verify that ν is a conic
measure of power κ.

From the above Lemma and Theorem 1.7, we have the following corollary.
Corollary 4.7. Suppose (Mn, g) has nonnegative sectional curvature and uniform
asymptotic polynomial volume growth of degree κ, and κ > 1, then (1.2) and (1.3)
hold.
Example 4.8 (Ding’s example). On Rn, we define the warped product metric g =
dr2 + f 2(r)dSn−1, where Sn−1 is the classical (n − 1)-dimensional unit sphere, f (r)
is defined by modifying the famous symmetric mollifier e− 11−r2 as the following :
(4.18) f (r) =

a − b exp
{
− 1
1−
(
r+3−
1
4
)2 } , 0 ≤ r < 1 − 3− 14
a , r ≥ 1 − 3− 14
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where b = a · exp
{
1
1−3− 12
}
, a =
(
1−3− 12
)2
2·3− 14
. The number 3− 14 is chosen in (4.18),
because it is the inflection point of the symmetric mollifier e− 11−r2 . It is straightfor-
ward to check that Rc(g) ≥ 0 by the above definition of f (r) and the metric g is
smooth.
And it is obvious that (Rn, g) has linear volume growth and will not split iso-
metrically. Hence by Theorem 1.2, there does not exist any nonconstant harmonic
function of polynomial growth on (Rn, g).
Example 4.9 (Counterexample of Ni’s Conjecture). Let us start from the general-
ized Hopf fibration of S7 as the following:
S
3 −→ S7 π−→ S4 , gS7 = k1 + k2
where S3, S7, S4 carry the metrics gS3 , gS7 , 14g
S
4
; π is a Riemannian submersion
with totally geodesic fibers and k1 = gS3 , k2 = π∗(14gS4); gSn denotes the canonical
metric of curvature ≡ 1 on Sn.
Then for metric g = dr2 + f 2(r)k1 + h2(r)k2 on M8, which is diffeomorphic to
R
8
, from (8.13) in [CC97] and Section 2 in [BKN12], we have
Rm(X1, X2, X1, X2) = 1f 2(r) −
( f ′(r)
f (r)
)2(4.19)
Rm(X, Y, X, Y) = f
2
h4
− f
′ · h′
f · h(4.20)
Rm(Y1, Y2, Y1, Y2) = 4h2 −
3 f 2
h4
−
(h′
h
)2(4.21)
Rm(∂r, X, ∂r, X) = − f
′′
f , Rm(∂r, Y, ∂r, Y) = −
h′′
h(4.22)
where X1, X2, X ∈ TS3 and Y1, Y2, Y ∈ TS4.
In the following a, δ, {ci}6i=0 are positive constants to be determined later, set
(4.23) f (r) =
{ 1
a
sin(ar) , 0 ≤ r ≤ δ
f(r − δ) , r > δ
(4.24) h(r) =
{ 1
a
sin(ar) , 0 ≤ r ≤ δ
h(r − δ) , r > δ
where f and h are defined as the following:
f(x) := c1 − c2e−c3 x , h(x) := c0 + c4x − c5e−c6 x , x ≥ 0
It is easy to see that the metric g = dr2 + f 2(r)k1 + h2(r)k2 has positive sectional
curvature when 0 ≤ r ≤ δ, in the following we will try to find suitable constants a,
δ, {ci}6i=0 such that the C2-metric g has positive sectional curvature when r > δ.
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If a, δ, {ci}6i=0 are positive constants satisfying the following eight assumptions:
a =
( c2c23
c1 − c2
) 1
2
,(4.25)
c1 = c2 +
1 − c22c23
c2c
2
3
,(4.26)
δ = a−1 sin−1 [a(c1 − c2)] ,(4.27)
c0 − c5 = c1 − c2 ,(4.28)
c5c
2
6 = c2c
2
3 ,(4.29)
c4 + c5c6 = c2c3 ,(4.30)
c6 > c3 ,(4.31)
c0 ≥ 3c2 + c5(4.32)
Note that there are many choices of a, δ, {ci}6i=0 satisfying the above eight assump-
tions, and the following is one choice satisfying all the above assumptions:
a =
1
2
√
3
, δ =
2π√
3
, c0 =
13
4
, c1 = 4 , c2 = 1 ,
c3 =
1
2
, c4 =
1
4
, c5 =
1
4
, c6 = 1
Define s(r) := 1
a
sin(ar), by (4.25), (4.26) and (4.27), we have
s(δ) = f(0) , s′(δ) = f′(0) , s′′(δ) = f′′(0)(4.33)
which implies that f (r) is a C2 function on [0,∞). And by (4.28), (4.29) and (4.30),
f(0) = h(0) , f′(0) = h′(0) , f′′(0) = h′′(0)(4.34)
And (4.34) combining with (4.33) yields that h is a also a C2 function on [0,∞).
From the definition of f (r), h(r) and the formula (4.22), it is easy to get
Rm(∂r, X, ∂r, X) > 0 , Rm(∂r, Y, ∂r, Y) > 0(4.35)
Now we consider (h(x) − f(x))′′, using (4.31),
(h(x) − f(x))′′ = c2c23e−c6 x
(
e(c6−c3)x − 1) ≥ 0 , ∀x ≥ 0(4.36)
On the other hand, from (4.34), (h − f)′(0) = 0. Then by (4.36)
(h − f)′(x) ≥ (h − f)′(0) = 0 , ∀x ≥ 0(4.37)
Again, by (4.34) and (4.37),
(h − f)(x) ≥ (h − f)(0) = 0 , ∀x ≥ 0(4.38)
From (4.26), (4.28) and (4.32), we get
1 − c22c23
c2c
2
3
= c1 − c2 = c0 − c5 ≥ 3c2
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simplifying it yields
c2c3 ≤ 12(4.39)
Then h′(0) = f′(0) = c2c3 ≤ 12 , by h′′(x) < 0,
h′(x) < h′(0) ≤ 1
2
(4.40)
From (4.37), (4.40) and (4.19), we obtain that when r > δ,
Rm(X1, X2, X1, X2) > 0(4.41)
From (4.38), (4.40) and (4.21), when r > δ,
Rm(Y1, Y2, Y1, Y2) =
h2(4 − (h′)2) − 3f2
h4
>
3(h2 − f2)
h4
≥ 0(4.42)
Now consider ϕ(x) := f3(x) − h3(x)f′(x)h′(x), note
ϕ(0) = h3(0)(1 − f′(0)2) > 0(4.43)
On the other hand, using h′′ < 0,
ϕ′(x) = 3f′f2 − 3h2(h′)2f′ − h3f′′h′ − h3f′h′′
> h′h2( − f′′h − 3f′h′)(4.44)
and
−f′′h − 3f′h′ = (c2c3e−c3 x)[c0c3 + c3c4x − 3c4 − (c3c5 + 3c5c6)e−c6 x]
≥ (c2c3e−c3 x)[c0c3 − 3c4 − (c3c5 + 3c5c6)]
=
(
c2c3e
−c3 x)[c0c3 − 3c2c3 − c5c3] ≥ 0(4.45)
in the last equation above we used (4.30), and in the last inequality we used (4.32).
Combining (4.44) with (4.45), we obtain
ϕ′(x) > 0(4.46)
From (4.43) and (4.46),
ϕ(x) > 0 , ∀x ≥ 0(4.47)
By (4.47) and (4.20), when r > δ, x = r − δ > 0,
Rm(X, Y, X, Y) = ϕ(x)
f(x) · h4(x) > 0(4.48)
From (4.35), (4.41), (4.42) and (4.48), the metric g = dr2 + f 2(r)k1 + h2(r)k2 on
M8 has positive sectional curvature, where f , g are defined in (4.23) and (4.24).
It is not hard to see that this metric also has the uniform asymptotic polynomial
volume growth of degree 5 as in (4.16) and Remark 4.6. Then by Corollary 4.7,
there exists nonconstant harmonic function of polynomial growth on (M8, g), but
(M8, g) does not have maximal volume growth. This disproves the necessary part
of Conjecture 1.4.
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5. Uniform bound of frequency function
Much of argument in this section followed the detailed analysis about frequency
function in [CM97b] (especially Proposition 3.3, Proposition 3.36, Proposition
4.11 and Lemma 7.1 there). We are providing details here again to make our ar-
gument self-contained and concrete enough for our purpose, some more general
argument can be found in [CM97b].
In this section, I(r), D(r), E(r), F(r), F (r) and W (r) are defined as in Section
2 with respect to some nonconstant function u ∈ Hd(M). Further assume that
u(p) = 0, where p ∈ Mn.
The following Lemma is a weak version of a uniform Harnack inequality for
harmonic function with polynomial growth.
Lemma 5.1. For nonconstant u ∈ Hd(M), there exists positive increasing se-
quence {ri}∞i=1 such that limi→∞ ri = ∞ and for any i
D(24n+1ri) ≤ 210ndD(ri)
Proof: By contradiction. If the conclusion does not hold, there exists R0 ≥ 1,
such that
D(24n+1r) > 210ndD(r) when r ≥ R0
by induction we get that for any j = 1, 2, 3, · · ·
D(2(4n+1) jR0) > 210nd jD(R0)(5.1)
On the other side, by u ∈ Hd(M) and Corollary 3.2 in Chapter 1 of [SY10],
sup
B(r)
|∇u| ≤ C(n)
r
sup
B(2r)
|u| ≤ C(n, d)rd−1 , ∀r ≥ 1(5.2)
From (2.16) and V(r) ≤ Vn0 (1)rn, there exists C1 > 0 such that for any r > 0,
D(r) = r2−n
∫
b(x)≤r
|∇u(x)|2dx ≤ C1(r2d + 1)(5.3)
By (5.1) amd (5.3),
C1
[(
2(4n+1) jR0
)2d
+ 1
]
> 210nd jD(R0)
which implies
2(2−2n) jd + 2−10nd j >
D(R0)
C1R2d0
let j → ∞ in the above, we get 0 ≥ D(R0)C1R2d0 . However, D(R0) > 0 because u is
nonconstant, which is the contradiction. 
Lemma 5.2 (Equivalence of E and D). For ǫ > 0, there existsR1 = R1(ǫ, p, n,VM , γ) >
0 such that for r ≥ R1, if
D(24n+1r) ≤ γD(r)(5.4)
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then for s ∈ [r, 24nr],
ln
(D(s)
E(s)
)
≤ ǫ(5.5)
Proof: From Theorem 2.7, for given δ > 0, there exists R = R(p, δ) > 0 such
that for ρ(x) = r ≥ R,
∣∣∣∣ ln b(x)
ρ(x)
∣∣∣∣ ≤ δ ,
∫
b(x)≤r
∣∣∣∣|∇b|2 − 1
∣∣∣∣2dx ≤ δ2Vol(b(x) ≤ r)(5.6)
where δ > 0 is to be determined later. From Cauchy-Schwarz inequality,∫
b≤r
∣∣∣∣|∇b|2 − 1
∣∣∣∣ ≤ δVol(b ≤ r)(5.7)
Then for s ∈ [r, 24nr],
|D(s) − E(s)| = s2−n
∫
b≤s
|∇u|2(1 − |∇b|2)
≤ s2−n sup
b(x)≤s
|∇u|2(x) · δVol(b ≤ s)
≤ C(δ, n)s2 sup
b(x)≤s
|∇u|2(x)(5.8)
in the first inequality above we used (5.7), and we have limδ→0 C(δ, n) = 0.
Without loss of generality, assume eδ ≤
√
4
3 . From Theorem 1.2 in [LS84] and
(5.6) above,
sup
b(x)≤24nr
|∇u|2(x) ≤ sup
B(
√
4
3 ·24nr)
|∇u|2 ≤ C(n)
Vol(B(√3 · 24nr))
∫
B(√3·24nr))
|∇u|2
≤ C(n)
VM ·
(√
3 · 24nr
)n
∫
b≤24n+1r
|∇u|2
≤ C(n,VM)r−2D(24n+1r) ≤ C(n,VM)γD(r)r−2(5.9)
in the last inequality we used (5.4).
Note that s ∈ [r, 24nr], hence
D(r) ≤ r2−n
∫
b≤s
|∇u|2 ≤
( s
r
)n−2
D(s) ≤ 24n(n−2)D(s)(5.10)
From (5.9) and (5.10),
sup
b(x)≤24nr
|∇u|2(x) ≤ C(n,VM)γD(s)r−2 ≤ C(n,VM)γD(s)s−2(5.11)
in the last inequality we used s ≤ 24nr.
By (5.8) and (5.11), we obtain
|D(s) − E(s)| ≤ C(δ, n,VM)γD(s)
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where limδ→0 C(δ, n,VM) = 0. Hence
E(s)
D(s) ≥ 1 − γC(δ, n,VM)(5.12)
There exists δ = δ(n,VM , ǫ, γ) such that (5.12) implies ln
(D(s)
E(s)
)
≤ ǫ. Combin-
ing all the above, there exists R1 = R1(p, δ) = R1(p, n,VM, ǫ, γ) satisfying our
conclusion. 
Lemma 5.3. Given positive constants γ, ǫ, there exists R2 = R2(ǫ, p, n,VM , γ) > 0
such that if r > R2 and
D(24n+1r) ≤ γD(r)(5.13)
then ∫ 24nr
r
min{(ln W )′(t), 0}dt > −ǫ(5.14)
Proof: Using the first variation formula of energy in the Appendix of [CM97b],
we have
(
ln W (s)
)′
=
2
s
+
2F(s)
E(s) −
s1−n
∫
b≤s Hess(b2)(∇u,∇u)
E(s) −
2D(s)
sI(s)
= W + J + K(5.15)
where
W =
2s2−n
∫
b=s
∣∣∣ ∂u
∂n
∣∣∣2|∇b|−1
D(s) −
2D(s)
sI(s) , J =
2
s
−
s1−n
∫
b≤s Hess(b2)(∇u,∇u)
E(s) ,
K =
2F(s)
sE(s) −
2s2−n
∫
b=s
∣∣∣∂u
∂n
∣∣∣2|∇b|−1
D(s)
From Cauchy-Schwarz inequality, it is easy to get W ≥ 0. Hence we only need
to bound the integrals of J and K.
From Theorem 2.7, given any δ > 0, there exists R = R(p, δ) > 0 such that for
r = ρ(x) ≥ R, we have ∣∣∣∣ ln b(x)
ρ(x)
∣∣∣∣ ≤ δ ,(5.16) ∫
b(y)≤r
∣∣∣∣|∇b|2 − 1
∣∣∣∣2dy ≤ δ2Vol(b ≤ r) ,(5.17)
∫
b(y)≤r
∣∣∣∣Hess(b2) − 2g
∣∣∣∣2dy ≤ δ2Vol(b ≤ r)(5.18)
We choose δ > 0 such that
e2δ <
4
3(5.19)
then (5.16) implies that for s ≥ R,
{b ≤ s} ⊂ B
(√4
3 s
)
, B(
√
3s) ⊂ {b ≤ 2s}
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Now we estimate J,
|J| ≤ 2
s
[D(s) − E(s)
E(s)
]
+
1
s
· s
2 supb≤s |∇u|2
E(s) ·
[
s−n
∫
b≤s
∣∣∣∣Hess(b2) − 2g
∣∣∣∣]
= J1 + J2
From Lemma 5.2, there existsR1 = R1(ǫ, p, n,VM , γ) such that if r ≥ max {R,R1},
for s ∈ [r, 24nr], ln D(s)E(s) ≤ δ, hence J1 ≤ 2s
[
eδ − 1
]
.
From (5.11), (5.18), the Cauchy-Schwarz inequality and the Bishop-Gromov
volume comparison theorem, we get
J2 ≤ 1
s
C(n,VM)γD(s)E(s) · δV
n
0 (1)enδ ≤
1
s
C(n,VM, γ)δe[(n+1)δ] ≤ C(n,VM, γ)
s
δ
in the last inequality we used (5.19).
Hence |J| ≤ 2
s
[
eδ − 1
]
+
C(n,VM ,γ)
s
δ, taking integral on [r, 24nr], where r ≥
max
{
R,R1
}
,
∫ 24nr
r
|J| ≤
{
2
[
eδ − 1] +C(n,VM, γ)δ} ln(24n)(5.20)
Next we estimate the integral of K,
K =
2
s
[D(s) − E(s)
E(s)
]
· F(s)
D(s) +
2s2−n
∫
b=s
∣∣∣∂u
∂n
∣∣∣2(|∇b| − |∇b|−1)
D(s)
= K1 + K2
From 2.16, it is easy to see D(s) ≥ E(s), hence K ≥ K2. Now,
|K2| ≤ 2s2−n
supb=s |∇u|2
D(s)
∫
b(x)=s
∣∣∣∣|∇b| − |∇b|−1
∣∣∣∣dx
≤ 2s2−n ·
(
supb≤24nr |∇u|2
)
D(s)
∣∣∣∣|∇b| − |∇b|−1
∣∣∣∣dx
≤ C(n,VM , γ)s−n
∫
b=s
∣∣∣∣|∇b| − |∇b|−1
∣∣∣∣
we used (5.11) in the last inequality.
Hence ∫ 24nr
r
Kds ≥ −C(n,VM, γ)
∫
b≤24nr
r−n
∣∣∣|∇b|2 − 1∣∣∣
≥ −C(n,VM, γ)Vol(b ≤ 2
4nr)
rn
δenδ ≥ −C(n,VM, γ)δ(5.21)
in the first inequality above we used the co-area formula, and (5.17) was used in
the second inequality. From (5.20) and (5.21),
lim
δ→∞
∫ 24nr
r
(
J + K
) ≥ lim
δ→∞
−C(n,VM, γ)[eδ − 1 + δ] = 0
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On the other side, we have∫ 24nr
r
min{( ln W )′(t), 0}dt ≥
∫ 24nr
r
(
J + K
)
Hence there exists δ0 = δ0(ǫ, n,VM , γ) satisfying (5.19), and if δ ≤ δ0,∫ 24nr
r
min{( ln W )′(t), 0}dt ≥ −ǫ
Choose R2 = max{R(p, δ0),R1(ǫ, p, n,VM , γ)}, the conclusion is proved. 
Lemma 5.4. For p ∈ M, there exists R3 = R3(p) > 0 such that if r > R3 and
I(24n+2r) ≤ γI( r
2
)(5.22)
then
D(24n+1r) ≤ C1(n)γD(r)(5.23)
where C1(n) is the constant depending only on n.
Proof: As in the proof of Lemma 5.2, we can choose R3 = R3(p) > 0 such that
for ρ(x) = r > R32 , | ln b(x)ρ(x) | ≤ 12 ln 43 . Similar as (5.9), for r > R3,
sup
b(x)≤ r2
|∇u|2(x) ≤ C(n)
VM
r−2D(r)(5.24)
Integrating (5.24) along geodesics starting at p and using u(p) = 0, we obtain
sup
b(x)≤ r2
|u|2(x) ≤ 4
3
C(n)
VM
D(r)
Hence
I( r
2
) = ( r
2
)1−n ∫
b= r2
u2|∇b| ≤ C(n)
VM
D(r) · ( r
2
)1−n ∫
b= r2
|∇b|
=
C(n)
VM
D(r)I1(r) = C(n)D(r)(5.25)
in the last equation we used (2.21).
From (2.20),∫ 24n+2r
24n+1r
2D(s)
s
ds = I(24n+2r) − I(24n+1r) ≤ I(24n+2r)
which implies
2
∫ 24n+2r
24n+1r
sn−2D(s)ds ≤
(
24n+2r
)n−1
I(24n+2r)
Note sn−2D(s) is nondecreasing in s from the definition of D(r), we get
2
(
24n+1r
)n−1
D(24n+1r) ≤
(
24n+2r
)n−1
I(24n+2r)
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Combining (5.25), simplifying the above inequality yields
D(24n+1r) ≤ 2n−2I(24n+2r) ≤ 2n−2γI( r
2
) = C1(n)γD(r)

Theorem 5.5. Suppose that (Mn, g) has nonnegative Ricci curvature and maximal
volume growth. For u ∈ Hd(M), if 5d < D(M), then the frequency of u is bounded
by C(u, n,VM , d).
Proof: If u has no zero point, then by Yau’s Liouville theorem [Yau75] u is
constant, the conclusion is straightforward. Assume u(p) = 0 where p ∈ M is
some fixed point. We will firstly prove the following claim:
Claim 5.6. There exists a constant R = R(p, n,VM, d) > 0 such that if r ≥ R,
F (r) ≤ C(n, d).
By Lemma 5.1, there exist ri → ∞, such that
D(24n+1ri) ≤ 210ndD(ri)
Choose δ > 0, such that δ < 12 ln
4
3 , by Lemma 5.2 and Lemma 5.3, there exists
R4 = R4(δ, p, n,VM , 210nd) > 0 such that if ri > R4, then
ln
(D(s)
E(s)
)
≤ δ , ∀s ∈ [ri, 24nri](5.26)
∫ 24nri
ri
min{(ln W )′(t), 0}dt > −δ(5.27)
From (2.20), we get
(
ln I(r))′ = 2F (r)
r
(5.28)
Hence∫ 24nri
ri
2F (s)
s
ds =
(
ln I(s)
)∣∣∣∣2
4nri
ri
= ln
(D(24nri)
D(ri)
)
− ln
(F (24nri)
F (ri)
)
≤ ln
( D(24nri)
D(24n+1ri)
· 210nd
)
+ ln
(E(24nri)
D(24nri)
)
+ ln
(D(ri)
E(ri)
)
− ln
(W (24nri)
W (ri)
)
≤ (10nd + n − 2) ln 2 + 3δ ≤ 12dn · ln 2(5.29)
in the second inequality from the end, we used (5.26) and (5.27).
From (5.29), there exists si ∈ [22nri, 24nri] such that
F (si) ≤ 3d(5.30)
By (5.26), (5.27) and (5.30), for ri > R4, s ∈ [ri, 22nri],
W (s) ≤ 3de2δ ≤ 4d
Combining with (5.26), we get
F (s) ≤ W (s)eδ < 5d(5.31)
where ri > R4 and s ∈ [ri, 22nri].
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Using (5.28), for r ∈ [2ri, 22nri], we get
I(r) ≤ 210dI( r
2
)
By 5d < D(M), using Theorem 3.4 and induction method, there exists k0 = k0(d)
such that if ri > k0 then
I(r) ≤ 210dI( r
2
) , r ∈ [k0
2
, 22nri]
which implies I(24n+2r) ≤ (210d)4n+3I( r2 ) for r ∈ [ k02 , 2−2−2nri].
Let R5 = max{ k02 ,R3}, where R3 is from Lemma 5.4. Note R5 = R5(p, d). By
Lemma 5.4,
D(24n+1r) ≤ C1(n)260ndD(r) , r ∈ [R5, 2−2−2nri](5.32)
From (5.32), similar to the above argument to get (5.31), we get that there exists
R = max
{
R5,R4
(
δ, p, n,VM,C1(n)260nd)} such that for r ∈ [R, 2−2−2nri],
F (s) ≤ 31d +C1(n) , s ∈ [R, 2−2ri]
In the above inequality, let i → ∞, then for r ≥ R(δ, p, n,VM, d), F (r) ≤ C(n, d).
If we fix δ = 14 ln
4
3 , then Claim 5.6 is proved.
Because F (r) is continuous function of r, F (r) ≤ C on [0,R], where C is
some constant depending on u and R. Combining the above results together, the
conclusion of the theorem is proved. 
Now we prove Theorem 1.11 by using the above theorem.
Proof of Theorem 1.11: If d < 1, from [Che80] u must be constant, then the
conclusion follows trivially. Hence we assume d ≥ 1 in the rest of the proof. When
the tangent cone at infinity of Mn is unique, denoted as C(X), then D(M) is a
countable set by the fact that the spectrum of C(X) is discrete. Because d ≥ 1, we
can find d0 ∈ [d, d + 1] such that 5d0 < D(M), note u ∈ Hd(M) ⊂ Hd0 (M). From
Theorem 5.5, Fu(r) ≤ C(u, n,VM, d0) ≤ C(u, n,VM , d), the conclusion is proved.

Acknowledgments
The author was partially supported by NSFC 11401336. We thank Jiaping
Wang for his interest and continuous encouragement, Xian-Tao Huang, William P.
Minicozzi II, Christina Sormani, Shing-Tung Yau for their comments, and Liqun
Zhang for sending the offprint [Zha99] to us. We are indebted to Bo Yang for his
comments and pointing out the relation between Conjecture 1.4 and the result in
[Din04] to us in 2012. We are grateful to Shouhei Honda for his detailed comments
and enthusiastic suggestions on the paper. Last but not least, we particularly thank
Gang Liu for carefully reading the earlier version of the paper and pointing out
some gaps, and we benefit from several long conversations with him.
32 GUOYI XU
References
[Alm00] Frederick J. Almgren, Jr. Almgren’s big regularity paper. Q-valued functions minimiz-
ing Dirichlet’s integral and the regularity of area-minimizing rectifiable currents up to
codimension 2, With a preface by Jean E. Taylor and Vladimir Scheffer. World Scientific
Monograph Series in Mathematics, 1. World Scientific Publishing Co., Inc., River Edge,
NJ, xvi+955 pp., 2000.
[BKN12] Ioannis Bakas, Shengli Kong, and Lei Ni, Ancient solutions of Ricci flow on spheres and
generalized Hopf fibrations, J. Reine Angew. Math. 663 (2012), 209–248.
[Che79] Jeff Cheeger, On the spectral geometry of spaces with cone-like singularities, Proc. Nat.
Acad. Sci. U.S.A. 76 (1979), 2103–2106.
[Che99] , Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct.
Anal. 9 (1999), no. 3, 428–517.
[CC96] Jeff Cheeger and Tobias H. Colding, Lower bounds on Ricci curvature and the almost
rigidity of warped products, Ann. of Math. (2) 144 (1996), no. 1, 189–237.
[CC97] , On the structure of spaces with Ricci curvature bounded below. I, J. Differential
Geom. 46 (1997), no. 3, 406–480.
[CC00a] , On the structure of spaces with Ricci curvature bounded below. II, J. Differen-
tial Geom. 54 (2000), no. 1, 13–35.
[CC00b] , On the structure of spaces with Ricci curvature bounded below. III, J. Differ-
ential Geom. 54 (2000), no. 1, 37–74.
[CGT94] Jeff Cheeger and Gang Tian, On the cone structure at infinity of Ricci flat manifolds with
Euclidean volume growth and quadratic curvature decay, Inventiones mathematicae 118
(1994), no. 1, 493-571.
[CY75] Shiu Yuen Cheng and Shing-Tung Yau, Differential equations on Riemannian manifolds
and their geometric applications, Comm. Pure Appl. Math. 28 (1975), no. 3, 333–354.
[Che80] Shiu Yuen Cheng, Liouville theorem for harmonic maps, Proc. Sympos. Pure Math.
Amer. Math. Soc. XXXVI (1980), no. 3, 147–151.
[CCG+10] Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James Isenberg,
Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci flow: techniques and
applications. Part III. Geometric-analytic aspects, Mathematical Surveys and Mono-
graphs, 163. American Mathematical Society, Providence, RI, 517 pp, 2010.
[Col12] Tobias H. Colding, New monotonicity formulas for Ricci curvature and applications; I,
Acta Math. 209 (2012), no. 2, 229–263.
[CDLM08] Tobias H. Colding, Camillo De Lellis, and William P. Minicozzi II, Three circles theo-
rems for Schro¨dinger operators on cylindrical ends and geometric applications, Comm.
Pure Appl. Math. 61 (2008), no. 11, 1540–1602.
[CM97a] Tobias H. Colding and William P. Minicozzi II, Harmonic functions on manifolds, Ann.
of Math. (2) 146 (1997), no. 3, 725–747.
[CM97b] , Harmonic functions with polynomial growth, J. Differential Geom. 46 (1997),
no. 1, 1–77.
[CM97c] , Large scale behavior of kernels of Schro¨dinger operators, Amer. J. Math. 119
(1997), no. 6, 1355–1398.
[CM98a] , Liouville theorems for harmonic sections and applications, Comm. Pure Appl.
Math. 51 (1998), no. 2, 113–138.
[CM98b] , Weyl type bounds for harmonic functions, Invent. Math. 131 (1998), no. 2,
257–298.
[Col14] Tobias Holck and Minicozzi Colding II, On uniqueness of tangent cones for Einstein
manifolds, Invent. Math. 196 (2014), no. 3, 515–588, DOI 10.1007/s00222-013-0474-z.
[Din02] Yu Ding, Heat kernels and Green’s functions on limit spaces, Comm. Anal. Geom. 10
(2002), no. 3, 475–514.
[Din04] , An existence theorem of harmonic functions with polynomial growth, Proc.
Amer. Math. Soc. 132 (2004), no. 2, 543–551.
THREE CIRCLES THEOREMS FOR HARMONIC FUNCTIONS 33
[GL86] Nicola Garofalo and Fang-Hua Lin, Monotonicity properties of variational integrals, Ap
weights and unique continuation, Indiana Univ. Math. J. 35 (1986), no. 2, 245–268.
[GT01] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second
order, Reprint of the 1998 edition. Classics in Mathematics. Springer-Verlag, Berlin,
xiv+517 pp, 2001.
[GW75] Robert E. Greene and Hung-Hsi Wu, Embedding of open Riemannian manifolds by
harmonic functions, Ann. Inst. Fourier (Grenoble) 25 (1975), no. 1, 215–235.
[Gro99] Misha Gromov, Metric structures for Riemannian and non-Riemannian spaces, Progress
in Mathematics, 152. Birkha¨user Boston, Inc., Boston, MA, xx+585 pp, 1999.
[Had96] Jacques Hadamard, Sur les fonctions entie`res, Bull.Soc. Math. France. 24 (1896), 186-
187.
[Hona] Shouhei Honda, Ricci curvature and Lp-convergence, to appear on J. Reine Angew.
Math., arXiv:1212.2052 [math.DG].
[Honb] , Harmonic functions on asymptotic cones with Euclidean volume growth, to
appear on Journal of Mathematical Society of Japan.
[Li86] Peter Li, Large time behavior of the heat equation on complete manifolds with nonneg-
ative Ricci curvature, Ann. of Math. (2) 124 (1986), no. 1, 1–21.
[Li97] , Harmonic sections of polynomial growth, Math. Res. Lett. 4 (1997), no. 1,
35–44.
[LS84] Peter Li and Richard Schoen, Lp and mean value properties of subharmonic functions
on Riemannian manifolds, Acta Math 153 (1984), no. 3-4, 279–301.
[LT89] Peter Li and Luen-Fai Tam, Linear growth harmonic functions on a complete manifold,
J. Differential Geom. 29 (1989), no. 2, 421–425.
[LT91] , Complete surfaces with finite total curvature, J. Differential Geom. 33 (1991),
no. 1, 139–168.
[LTW97] Peter Li, Luen-Fai Tam, and Jiaping Wang, Sharp bounds for the Green’s function and
the heat kernel, Math. Res. Lett. 4 (1997), no. 4, 589–602.
[LW99] Peter Li and Jiaping Wang, Counting massive sets and dimensions of harmonic func-
tions, J. Differential Geom. 53 (1999), no. 2, 237–278.
[Liua] Gang Liu, Three Circle Theorems on Ka¨hler manifolds and applications,
arXiv:1308.0710v3 [math.DG].
[Liub] , On the volume growth of Ka¨hler manifolds with nonnegative bisectional cur-
vature, arXiv:1403.3834v1 [math.DG].
[Ni05] Lei Ni, Ancient solutions to Ka¨hler-Ricci flow, Math. Res. Lett. 12 (2005), no. 5-6, 633–
653.
[Ni10] Lei Ni, The large time asymptotics of the entropy, Complex analysis, 301-306, Trends
Math., Birkha¨user/Springer Basel AG, Basel, 2010.
[Per97] G. Perelman, A complete Riemannian manifold of positive Ricci curvature with Eu-
clidean volume growth and nonunique asymptotic cone, Comparison geometry (Berke-
ley, CA, 1993-94), Math. Sci. Res. Inst. Publ. 30 (1997), 165–166.
[SY10] Richard Schoen and Shing-Tung Yau, Lectures on differential geometry, International
Press, Cambridge, MA, 432 pp, 2010.
[Sim83] Leon Simon, Asymptotics for a class of nonlinear evolution equations, with applications
to geometric problems, Ann. of Math. (2) 118 (1983), no. 3, 525-571.
[Sor00] Christina Sormani, Harmonic functions on manifolds with nonnegative Ricci curvature
and linear volume growth, Pacific J. Math. 192 (2000), no. 1, 183–189.
[Var81] Nicholas Th. Varopoulos, The Poisson kernel on positively curved manifolds, J. Funct.
Anal. 44 (1981), no. 3, 359–380.
[War83] Frank W. Warner, Foundations of differentiable manifolds and Lie groups, Corrected
reprint of the 1971 edition. Graduate Texts in Mathematics, 94. Springer-Verlag, New
York-Berlin. ix+272 pp, 1983.
[Xu14] Guoyi Xu, Large time behavior of the heat kernel, J. Differential Geom. 98 (2014),
no. 3, 467-528.
34 GUOYI XU
[Yau75] Shing-Tung Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure
Appl. Math. 28 (1975), 201–228.
[Yau87] , Nonlinear analysis in geometry, Enseign. Math. (2) 33 (1987), no. 1-2, 109–
158.
[Zha99] Liqun Zhang, On the generic eigenvalue flow of a family of metrics and its application,
Comm. Anal. Geom. 7 (1999), no. 2, 259–278.
Yau Mathematical Sciences Center, Jin Chun Yuan West Building, Tsinghua University, Bei-
jing, P. R. China, 100084
E-mail address: gyxu@math.tsinghua.edu.cn
